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Abstract

Every fundamental theory in modern physics—from classical mechanics to the Standard
Model of particle physics and general relativity—is formulated as a Lagrangian. This paper
explains, at an accessible level, what a Lagrangian is, how the idea evolved over three centuries,
and why the physics community converged on it as the most powerful and general way to
describe nature. We trace the intellectual path from Newton’s forces through Euler and
Lagrange’s variational methods, Hamilton’s reformulation, and Emmy Noether’s profound
symmetry theorem, arriving at the modern Lagrangian density that underpins quantum
field theory. No prior knowledge of advanced mathematics is assumed; key equations are
presented alongside plain- language explanations.
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1 Introduction: Two Ways to Describe Motion

Imagine you throw a ball across a room. Newton would describe its flight by listing every force
acting on it at every instant—gravity pulling down, air resistance pushing back—and computing
the resulting acceleration. This is the Newtonian or vectorial approach: specify forces, solve
F = ma.

There is an entirely different way to arrive at the same trajectory. Instead of tracking forces
instant by instant, you could ask a single global question:

Of all the paths the ball could have taken from my hand to the far wall, which path
does nature actually choose?

The answer, remarkably, is that nature chooses the path that makes a certain quantity—
called the action—stationary (usually a minimum). This is the Lagrangian or variational
approach, and it turns out to be far more general, more elegant, and more revealing than
Newton’s force-by-force accounting.

This paper explains what that quantity is, where the idea came from, and why virtually
every modern physical theory is written in this language.

2 Historical Roots: From Newton to Lagrange

2.1 Newton and the Force Paradigm (1687)

Isaac Newton’s Principia Mathematica [Newton, 1687 gave physics its first systematic framework.

His second law,
F =ma, (1)

relates the net force F on a body of mass m to its acceleration a. For a single particle in free
space this is wonderfully direct. But complications mount quickly:
o A bead sliding on a curved wire requires constraint forces (the wire pushing the bead) that
do no useful work but must be tracked explicitly.
e A double pendulum has two coupled degrees of freedom; writing F = ma for each mass in
Cartesian coordinates produces a tangled system.
» Rotating reference frames introduce fictitious forces (Coriolis, centrifugal) that obscure
the underlying physics.
Newton’s framework is correct, but it can be cumbersome. The search for something more
efficient began almost immediately.
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2.2 Leibniz, Maupertuis, and the Principle of Least Action (1744)

Gottfried Wilhelm Leibniz (1646-1716) intuited that nature operates by optimising something,.
Pierre Louis Maupertuis (1698-1759) proposed in 1744 that nature always follows the path
of least action [de Maupertuis, 1744], though his definition of “action” was vague and partly
theological (he saw it as evidence of God’s economy).

Leonhard Euler (1707-1783) placed the idea on rigorous mathematical footing [Euler, 1744].
He developed the calculus of variations—a generalisation of ordinary calculus that finds functions
(entire curves) rather than numbers that optimise a given integral.

2.3 Joseph-Louis Lagrange (1788)

The decisive synthesis came from Joseph-Louis Lagrange (1736-1813) in his masterwork Mé-
canique Analytique [Lagrange, 1788]. Lagrange achieved three things:
1. He defined a single scalar function, now called the Lagrangian L, as the difference between
kinetic energy T and potential energy V:

L=T-V (2)

2. He showed that the equations of motion for any mechanical system follow from a universal
recipe applied to L (the Euler-Lagrange equations; see section 3).
3. He formulated everything in terms of generalised coordinates—any set of variables natural
to the problem (angles, distances, etc.)—automatically eliminating constraint forces.
Lagrange famously boasted that his book contained “not a single diagram.” The entire edifice
was algebraic, coordinate-free in spirit, and spectacularly general.

2.4 William Rowan Hamilton (1834)

William Rowan Hamilton (1805-1865) extended Lagrange’s work in two directions [Hamilton,
1834]:
o Hamilton’s Principle (1834): The true path of a system between times ¢; and t9 is the
one that makes the action integral

to
S = L dt (3)
t1
stationary (0.5 = 0). This single variational statement replaces all of Newton’s laws.

e Hamiltonian mechanics: By performing a Legendre transform on the Lagrangian,
Hamilton obtained a formulation in terms of positions ¢; and momenta p;, yielding first-
order equations of motion (Hamilton’s equations) that proved essential for statistical
mechanics and quantum theory.

2.5 Emmy Noether (1918)

The deepest insight came from the mathematician Emmy Noether (1882-1935). Her theorem,
published in 1918 [Noether, 1918], proved that every continuous symmetry of the Lagrangian
corresponds to a conserved quantity:

Symmetry Conserved Quantity Meaning

Time translation Energy Physics doesn’t change over time
Space translation Momentum Physics doesn’t change with location
Rotation Angular momentum Physics doesn’t depend on orientation

Gauge (phase) Electric charge Internal symmetry of electromagnetism
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Noether’s theorem elevated the Lagrangian from a computational convenience to the conceptual
foundation of physics. Conservation laws—previously accepted as empirical facts—were revealed
to be automatic consequences of symmetries encoded in L.

3 The Formalism: How It Works

3.1 Generalised Coordinates

A system with n degrees of freedom is described by generalised coordinates qi1,qo, . . ., q, and their
time derivatives (generalised velocities) ¢i1, G, ..., ¢,. These can be any convenient variables:
Cartesian positions, angles, distances along a track, or even abstract field amplitudes.

3.2 The Lagrangian

The Lagrangian is a function of the coordinates, velocities, and (optionally) time:

LZL(ql?"'?qTL? QL"':(jTu t)' (4)
For classical mechanics, L =T — V. For more advanced theories the form of L is guided by the
symmetries the theory must respect (Lorentz invariance, gauge invariance, etc.).
3.3 The Action

The action S is the time integral of the Lagrangian over the system’s history:

sl = | * Llai(0), di(0), 1) dt. (5)

1

Note that S is a functional: it takes an entire path ¢(t) as input and returns a single number.

3.4 The Principle of Stationary Action
Hamilton’s principle states:

The physical trajectory is the one for which the action S is stationary under small
variations of the path, with endpoints held fixed.

Mathematically, 65 = 0. “Stationary” means neither a maximum nor a minimum in general—just
a critical point—though for most mechanical systems it is indeed a minimum (hence the common
but slightly inaccurate name “principle of least action”).

3.5 The Euler-Lagrange Equations

Requiring 65 = 0 and applying the calculus of variations yields one equation per degree of
freedom:

d oL oL

—= = =0 i=1,...,n. 6

These are the Euler—Lagrange equations. They are the Lagrangian analogue of F = ma, but
they hold in any coordinate system and automatically incorporate all holonomic constraints.

Example 3.1 (Free particle in one dimension). A particle of mass m with no forces has
T = %m:’cz and V =0,s0 L = %m:tQ. The Euler-Lagrange equation gives

d
—-0=0 = mi=0,
dt

which is Newton’s first law: constant velocity in the absence of forces.
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Example 3.2 (Simple pendulum). Let ¢ be the angle from vertical and ¢ the length. Then
T = %m£292, V = —mglcosf, and L = %m£292 + mglcosf. The Euler-Lagrange equation
yields

ml?0 + mglsing =0 — 0= —%sin@,

the exact pendulum equation—obtained without ever resolving forces along the arc or dealing
with the tension in the string.

4 Why the Lagrangian Approach Won

If Newton’s laws and the Lagrangian method give the same answers for classical mechanics,
why did physics migrate almost entirely to the Lagrangian framework? The reasons are both
practical and profound.

4.1 Coordinate Freedom

The Euler-Lagrange equations have the same form in every coordinate system. Switching from
Cartesian to spherical to curvilinear coordinates requires only rewriting 1" and V'; the recipe
(eq. (6)) never changes. In Newtonian mechanics, each coordinate system introduces different
expressions for acceleration and fictitious forces.

4.2 Automatic Handling of Constraints

A bead on a wire, a ball rolling on a surface, a robot arm with joints—all are systems with
constraints. In the Newtonian approach, you must include explicit constraint forces (normal
forces, tensions) and then show they cancel. In the Lagrangian approach, you simply choose
coordinates that already satisfy the constraints. The constraint forces vanish from the formulation
entirely.

4.3 Scalability

For a system of N interacting particles in three dimensions, Newton gives 3N coupled second-
order differential equations in Cartesian coordinates, plus constraint forces. The Lagrangian
method reduces this to n equations, where n is the number of true degrees of freedom (often
much less than 3N).

4.4 Symmetry <> Conservation (Noether)

As described in section 2, Noether’s theorem provides a systematic, mechanical procedure for
extracting conservation laws from the Lagrangian’s symmetries. In the Newtonian framework,
conservation laws must be discovered case by case.

4.5 Natural Gateway to Modern Theories

The Lagrangian formalism generalises effortlessly beyond particles:

o Fields: Replace the discrete coordinates ¢;(t) with continuous fields ¢(z,t) and the
Lagrangian with a Lagrangian density L (see section 5).

e Relativity: Lorentz invariance is easily enforced by requiring £ to be a Lorentz scalar.

e Quantum mechanics: Feynman’s path-integral formulation of quantum mechanics
[Feynman and Hibbs, 1965] sums e*5/" over all paths, with S the classical action. The
Lagrangian is the direct input.

e Gauge theories: The Standard Model of particle physics is specified entirely by writing
down a Lagrangian density with the correct gauge symmetries.

No comparable generalisation exists for the force-based Newtonian framework.
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5 From Particles to Fields: The Lagrangian Density

In particle mechanics the Lagrangian L is a function of finitely many coordinates. In field theory—
electromagnetism, fluid dynamics, general relativity, quantum field theory—the dynamical
variable is a field ¢(x,t) defined at every point in space.

The Lagrangian is replaced by a Lagrangian density L:

L:/c(¢, 8.9) &z, S:/E d'z, (7)

where 0,,¢ denotes the four-gradient of the field (encoding both spatial and temporal variation)
and d*z = dt d3z is the spacetime volume element.
The principle §.5 = 0 now yields the field-theoretic Euler—Lagrange equations:

oL oL
T ®)

Example 5.1 (Klein-Gordon field). A free scalar field of mass m has
L= 5(0u0)(0") — gm*.

The Euler-Lagrange equation gives the Klein-Gordon equation (9,0" +m?)¢ = 0, the relativistic
wave equation for spinless particles.

Example 5.2 (Electromagnetism). Maxwell’s equations—all four of them—follow from the
Lagrangian density
Loy = —5Fu F* — JFA,,

where F),, = 0,4, — 0,A, is the electromagnetic field tensor, A, is the four-potential, and J*
is the four-current. Two lines of algebra encode the entirety of classical electrodynamics.

6 The Standard Model: A Lagrangian in Full Bloom

The Standard Model of particle physics—the most precisely tested theory in human history—is
defined by a single Lagrangian density. Schematically:

Loni = —3F5, P + @iy Dy + | D HIP = V(H) +y o H . 9)
—
gauge fields fermions Higgs Yukawa

Each term has a clear physical role:
1. Gauge fields (F, F**): The kinetic terms for the force-carrying bosons (photon, w=, Z°,
gluons). The index a runs over the generators of the gauge group SU(3)cx SU(2), xU(1)y.
2. Fermion kinetic terms (v iv* D, ): How quarks and leptons propagate and interact
with gauge fields via the covariant derivative D,,.
3. Higgs sector (|D,H|?> —V(H)): The Higgs field H and its “Mexican hat” potential V (H)
that drives electroweak symmetry breaking.
4. Yukawa couplings (y H v): The interaction between fermions and the Higgs that gives
quarks and leptons their masses after symmetry breaking.
The entire zoo of particle physics—61 elementary particles, three forces, mass generation,
CP violation—emerges from this one expression and the symmetries it encodes. No forces are
specified; they arise from the structure of L.
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7 General Relativity: Geometry from a Lagrangian

Einstein’s field equations of general relativity also derive from a Lagrangian density. The
Einstein—Hilbert action is

1

Sl = 161G

/R\/—g diz, (10)
where R is the Ricci scalar curvature and g is the determinant of the spacetime metric g, .
Varying this action with respect to the metric yields Einstein’s equations:

Ry — 29w R =81GT),.

The fact that gravity—the curvature of spacetime itself—can be derived from a variational
principle underscores the universality of the Lagrangian approach. It is not a trick limited to
point particles; it works for the very fabric of space and time.

8 The Feynman Path Integral: Action Goes Quantum

In 1948, Richard Feynman [Feynman, 1948] reformulated quantum mechanics by showing that
the probability amplitude for a particle to go from point A to point B is

(BlA) = [ Sl (1)
all paths

Wh(/are the integral sums over every possible path q(t) from A to B, weighted by the phase factor
eiS/h.

In the classical limit (A — 0), the rapidly oscillating phases cancel everywhere except near
the path where S is stationary—recovering the classical Euler—Lagrange trajectory. Quantum
mechanics thus emerges as a generalisation of the action principle, not an alternative to it.

This formulation made the Lagrangian indispensable to quantum field theory. The Feynman
rules for computing scattering amplitudes (the backbone of particle physics calculations) are
read directly off the Lagrangian density.

9 A Comparison: Newtonian vs. Lagrangian

Feature Newtonian Lagrangian

Fundamental object Force vector F Scalar function L

Equation of motion F = ma (vector) %% - %—5 = 0 (scalar)

Coordinate depen- Must re-derive in each frame Same form in all coordinates

dence

Constraints Explicit constraint forces Eliminated by coordinate choice

Conservation laws Found case by case Automatic via Noether’s theo-
rem

Extends to fields Not naturally Direct (L — £)

Extends to quantum Not directly Path integral uses S = [ L dt

Extends to relativity Requires modification Build Lorentz invariance into £

The Newtonian approach is not wrong; it is simply a special case. For problems involving
a few particles in Cartesian coordinates, it remains intuitive and efficient. But for anything
beyond—fields, symmetries, quantum theory, curved spacetime—the Lagrangian framework is
the natural and often the only viable language.
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10 General Forms of Common Lagrangians

To make the generality concrete, here are several Lagrangians spanning classical mechanics, field
theory, and modern physics:

10.1 Classical Mechanics

n
L= 3miG; — V(g ) (12)
i=1
10.2 Relativistic Point Particle

L=—mc* /1 —v2/c2, (13)

which reduces to L ~ —mc? + %va at low speeds, recovering the classical kinetic energy (up to
a constant).

10.3 Electrodynamics
L=—LF, F" — JrA,. (14)

10.4 Scalar Field Theory

L=19,00"0—V(p), (15)

where V(¢) encodes self-interaction. The Klein—Gordon equation has V = %m2¢2; the Higgs
potential has V = —u?|¢|? + A|o|*.

10.5 General Relativity

1
Lor=——=RV—g. 16
Gr = 1oa BV—Y (16)
10.6 Yang—Mills Gauge Theory
Lym = — 3 FL F + ¢ (in" Dy — m)y. (17)

This is the template for QCD (the strong force) and the electroweak theory.

11 Why Symmetry Is the Real Story

The deepest reason physicists write Lagrangians is not computational convenience—it is that
the Lagrangian is a direct encoding of symmetry.

When constructing a new theory, a modern physicist does not start by guessing forces.

Instead, the procedure is:

1. Identify the relevant degrees of freedom (scalar field, spinor, gauge connection,
metric, ... ).

2. Specify the symmetries the theory must respect (Lorentz invariance, SU(3) colour,
U(1) gauge, ...).

3. Write the most general Lagrangian density consistent with those symmetries and
the field content, organised by mass dimension (lowest dimension = most relevant at low
energies).

4. Read off the equations of motion via the Euler-Lagrange equations.

. Extract conservation laws via Noether’s theorem.
6. Quantise via the path integral (section 8).

ot
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This algorithm is essentially what was used to construct the Standard Model, and it is the
playbook for every proposed extension—supersymmetry, grand unification, string theory effective
actions, and beyond.

The Lagrangian is, in this view, not just a computational shortcut. It is the language in
which nature’s symmetries are most transparently expressed.

12 Summary and Perspective

1. A Lagrangian L is a scalar function (kinetic minus potential energy in classical mechanics)
from which all equations of motion follow via the Euler-Lagrange equations.

2. The action S = [ L dt is the integral of the Lagrangian over the system’s history. Nature
selects the path that makes S stationary.

3. The approach was developed over three centuries by Leibniz, Euler, Lagrange, Hamilton,
and Noether, each adding layers of power and generality.

4. Physics adopted the Lagrangian framework because it offers:

e Coordinate independence,

e Automatic constraint handling,

e A direct link between symmetries and conservation laws,

e Seamless extension to fields, relativity, and quantum theory.

5. Every fundamental theory today—classical mechanics, electromagnetism, general relativity,
the Standard Model—is specified by its Lagrangian density. To write a Lagrangian is, in a
real sense, to write a theory of physics.

The physicist’s task is not to enumerate forces
but to discover the Lagrangian.
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